Abstract. In this paper we prove that the maximal L p -regularity property on the interval (0, T ), T > 0, for Cauchy problems associated with the square root of Hermite, Bessel or Laguerre type operators on L 2 (Ω, dµ; X), characterizes the UMD property for the Banach space X.
Introduction
Suppose that B is a complex Banach space, A is a (possible unbounded) operator on B such that D(A) is dense in B. We consider the Cauchy problem (1) u (t) + Au(t) = f (t), 0 ≤ t < T,
where f : (0, T ) → B is measurable and 0 < T ≤ ∞.
Let 1 < p < ∞ and 0 < T ≤ ∞. We say that the operator A has the maximal L p -regularity property on the interval (0, T ) when for every f ∈ L p ((0, T ), B) there exists a unique solution u ∈ L p ((0, T ), B) of (1), and
for a certain C > 0 which does not depend on f . This property of maximal regularity is important, for instance, in nonlinear problems and a lot of authors have studied it in the last years (see [3] , [5] , [6] , [7] , [8] , [9] , [24] , [27] and [41] , amongst others).
Assume that −A generates a C 0 -semigroup {T t } t>0 on B. Then the unique mild solution of (1) is defined by
for every f ∈ L p ((0, T ), B).
In order to prove the maximal L p -regularity for the operator A, we consider the operator The operator A has the maximal L p -regularity property if, and only if, the operator K({T u } u>0 )
can be extended from C into itself, for some (equivalently, for every) 1 < q < ∞. For the sake of simplicity, when the operator K({T u } u>0 ) satisfies this property, we say that it is bounded from L q ((0, T ), B) into itself.
The Banach spaces with the UMD property play an important role in the study of maximal L p -regularity for operators. It is well known that the Hilbert transform H defined, for every f ∈ L p (R), 1 < p < ∞, H(f )(x) = lim
is bounded from L p (R) into itself, 1 < p < ∞. If X is a Banach space, H is extended to L p (R) ⊗ X, 1 < p < ∞, in a natural way. We say that X is UMD when the Hilbert transform can be extended from L p (R) ⊗ X to L p (R, X) as a bounded operator from L p (R, X) into itself for some (equivalently, for any) 1 < p < ∞. The main properties of UMD Banach spaces can be encountered in [16] , [17] and [35] .
It is well-known that the operator − √ ∆ generates a semigroup, so called classical Poisson semigroup, being ∆ = −d 2 /dx 2 . For every t > 0, we represent, by P t (f ) the classical Poisson integral of f ∈ L p (R), 1 ≤ p < ∞, that is, P t (f )(x) = R P t (x − y)f (y)dy, x ∈ R, where P t (x) = 1 π t t 2 + x 2 , x ∈ R. As it is also well-known, if S is a positive bounded operator from L p (Ω, dµ) into itself, where 1 ≤ p < ∞ and (Ω, dµ) is a measure space, the operator S ⊗ I X can be extended, for every Banach space X, to the Lebesgue-Bochner space L p (Ω, dµ; X) as a bounded operator, that we continue denoting by S, from L p (Ω, dµ; X) into itself. Thus, P t is a positive operator and P t ⊗I X can be extended to L 2 (R, X), for every t > 0.
As usual, we adopt the same nomenclature when we are dealing with the square root of our operators, that is, we call Poisson semigroup to the ones generated by the square root of them.
Brezis (see [18] ) posed the following question: given a Banach space B, is it true that every negative generator −A of a bounded analytic semigroup on B has maximal L p regularity? A partial answer was given by Coulhon and Lamberton [18, p. 160 ] who established the following result.
Theorem A. Let X be a Banach space. Then, the operator
maximal L p -regularity on the interval (0, T ), for any T > 0, if, and only if, X is UMD.
Our objective in this paper is to establish analogous results to Theorem A when the Laplacian is replaced by Bessel, Hermite or Laguerre type operators which are shown in the following chart, using the same notation as in [38] , after making the corresponding translation of the parameter
Bessel type
Hermite type
Laguerre type
The main result of this paper is the following. (a) X is UMD. 
into itself if, and only if, the operator
Actually, we split the operator K({T u } u>0 ) in two parts that we call local and global parts
(Ω, dµ; X)) for every Banach space X.
On the other hand, the operator
characterizes the UMD property for X.
After that, and in order to prove Theorem 1.1 for the others operators contained in our chart,
we proceed as in [38, p. 3160] , by making use of the following transference lemma.
such that M is positive and h is a one-to-one function.
Then, Theorem 1.1 (b) is true for L if, and only if, it is true for
Proof. It is enough to prove that K({P
, and |J h −1 | is the Jacobian of the inverse
. We can write, via the spectral theorem,
being E and E the resolutions of the identity of L and L, respectively. Hence,
The same argument allows us to prove the reverse direction.
We would like to remark that the implication (a) ⇒ (b) in Theorem 1.1 can be obtained as a special case of stronger results about maximal regularity and functional calculus (see [25, Chapter 10]). However, the important part of our Theorem 1.1 is just the other direction, which
give us new characterizations of UMD Banach spaces. Furthermore, with our method it doesn't cost more effort to prove one than two directions of each implications in this theorem.
In Sections 2, 3 and 4 we prove Theorem 1.1 in the Bessel, Hermite and Laguerre settings, respectively.
Throughout this paper by C, c > 0 we always denote positive constants that can change in each occurrence.
2. Proof of Theorem 1.1 for Bessel type operators 2.1. Bessel operator S α . We consider for every α > 0 the Bessel operator
If J ν denotes the Bessel function of first kind and order ν, we have that
According to [31, (16.4) ] the Poisson kernel for S α is the following
and the Poisson integral P
Harmonic analysis associated with Bessel operators was initiated by Muckenhoupt and Stein ([31] ). In the last years, this Bessel harmonic analysis has been developed in a Banach valued setting (see [10] and [13] ).
We denote by C ∞ c (R) the space of smooth functions in R with compact support, where
We consider the operators K({P
and for t ∈ (0, ∞), x ∈ R,
where the first integral is understood in the L 2 (R, X)-Bochner sense and the integral in the right hand side is understood in the X-Bochner sense. Analogous properties hold when Hermite, Bessel and Laguerre Poisson semigroups replace the classical Poisson semigroup.
We will prove that K({P
We define the operator K + ({P u } u>0 ), for each t, x ∈ (0, ∞), as follows
In the first step we reduce the boundedness of
Lemma 2.1. Let X be a Banach space and
We defined for every t ∈ (0, T ),
.
We can write for every t > 0 and x ∈ R,
where
Indeed, we have that
Hence,
where, for every y ∈ (0, ∞),
and P * represents the maximal operator defined by
According to [23, p. 244, (9.9.1) and (9.9.2)], the Hardy operators H 0 and H ∞ given by
and
We now consider, for every t, x ∈ (0, ∞) and f ∈ C ∞ c (0, T ) ⊗ C ∞ c (0, ∞) ⊗ X, the following "local" and "global" operators
. We are going to see that the "global" operators are bounded in
Lemma 2.2. Let X be a Banach space and T > 0. Then, the operators
The argument used in the proof of Lemma 2.1 allows us to get, for every t, x ∈ (0, ∞),
where the extensionf 0 of f is defined as in (6) .
On the other hand, we have that
According to [31, p. 86 , (b)] we obtain
Then, as above we can prove that
Hence, we will finish the proof once we show that
We collect this property in the next Lemma.
Lemma 2.3. Let X be a Banach space and T > 0. Then, the operator D loc given by
By defining
we can write
Hence, we get
We consider the kernels
and we define the operators
In order to estimate the kernels of D loc 1 and D loc 2 we proceed as in [11, pp. 482-485] . By using mean value theorem, we get for every s, t, x ∈ (0, ∞) and x/2 < y < 2x,
Hence, for j = 1, 2,
1 + log + x |x − y| P * ( f 0 (·, y) X )(t)dy, t, x ∈ (0, ∞).
Jensen's inequality allows us to show that the operator A defined by
are bounded in
Finally, we consider the operator D loc 3 as follows
As in [11, p . 486] we can write, for every t, x, y ∈ (0, ∞),
Then, we get
We have that
We can write 
where h k denotes the k-th Hermite function given by 
and for each x, y ∈ R, t > 0,
1 − e −2t (x 2 + y 2 ) + 2e
1 − e −2t xy .
The Poisson semigroup {P
H t } t>0 associated with the Hermite operator is defined, for every
where, by using the subordination formula we can write
u (x, y)du, x, y ∈ R and t > 0.
Muckenhoupt studied in [28] and [29] the harmonic analysis for the Hermite operator in dimension one. In the last years, Thangavelu [40] , Stempak and Torrea [36] and [37] have investigated it in higher dimensions. Banach valued harmonic analysis operators in the Hermite context have been studied in [2] and [14] .
We consider the operator defined by
We denote by ρ the following function
This function ρ plays an important role in the study of harmonic analysis associated with the Hermite operator (see [12] and [21] ).
We split the operator K {P H u } u>0 as follows
∂ t P H t−s (x, y)f (s, y)dyds, x ∈ R and t > 0,
In a similar way we decompose the operator
In a first step, we are going to see that the operator
Lemma 3.1. Let X be a Banach space and T > 0. Then, the operator
We have that y) du, x, y ∈ R and s, t ∈ (0, ∞).
Then,
We detone by h 0 the following extension of h
for every x ∈ R. Since
where W t (z) = e −|z| 2 /4t / √ 4πt, z ∈ R and t > 0, represents the classical heat semigroup, we can write
where W * (g) = sup u>0 |W u (g)|. We get
Since the maximal operator W * is bounded in L 2 (R) we deduce that the operator
In order to show that K glob H,2 is bounded in L 2 ((0, T ) × R) we will use the following estimate
, x, y ∈ R and t > 0.
Then, since ρ(x) = 1/2, |x| ≤ 1,
, x, y ∈ R and t > 1.
Suppose now that 0 < t ≤ 1. If |x| ≤ 1 and y ∈ R,
Moreover, if |x| > 1 and y ∈ R,
Thus, (9) is established.
We can write
Here M represents the Hardy-Littlewood maximal function. Since W * and M are bounded operators in L 2 (R), it follows that the operator
From (7) we conclude that
In the second step we show that the operator D loc defined by
Lemma 3.2. Let X be a Banach space and T > 0. Then, the operator D loc is bounded from
The subordination formula and (8) allow us to write
We now prove that D
In order to analyze D loc 1 we need to show that
Indeed, by using Kato-Trotter's formula and (8) we get, for every x, y ∈ R and t>0,
and, when |x| ≥ 1,
2 , x ∈ R and 0 < s < 1. 
It follows that
Thus (10) is proved.
By using (10) we deduce that
Note that the operators
Banach space X.
By Lemmas 3.1 and 3.2 the operator K({P
According to Theorem A our equivalence ((a) ⇔ (b) in Theorem 1.1 for the Hermite operator H) will be showed once
In order to do this we use some ideas developed in [1] and [22] .
Lemma 3.3. Let X be a Banach space and T > 0. Then, the operator
According to [20, Proposition 5] (see also [21, Lemma 2.3]) we choose a sequence (
(ii) For every M > 0 there exists m ∈ N such that, for every ∈ N,
where #A denotes the cardinal of the set A ⊆ N.
To simplify notation we write
We define the operator T as follows
it is enough to show that the difference
If x ∈ I k and |x − y| < ρ(x), then y ∈ (C 0 + 1)I k . Also, if x ∈ I k and y ∈ (C 0 + 1)I k , then
Hence, we have that
For every R > 0 we define f R (t, x) = f (t, Rx) and f R (t, x) = f (Rt, x), x ∈ R and t > 0.
Straightforward manipulations allows us to show that
Suppose that f (t, x) = 0, |x| > a, t > 0, where a > 0. Fix b > 0. We have that, for every R > 0,
Hence, there exists R 0 > 0 such that |y − x/R| < ρ(x/R), |x| ≤ b, |y| ≤ a/R and R ≥ R 0 . Hence,
2 /2 and h(x) = x to get
4. Proof of Theorem 1.1 for Laguerre type operators
We have that 
being, for every t, x, y ∈ (0, ∞),
1 − e −2t (x 2 + y 2 ) .
By using the subordination formula we can write the Poisson kernel P
The Poisson semigroup for the Laguerre operator L ϕ α is defined by
The starting point for the harmonic analysis in Laguerre context are the works of Muckenhoupt [29] and [30] . In the last years we remark the results of Nowak and Stempak [32] and [33] in higher dimensions. Laguerre harmonic analysis in a Banach valued setting has been developed in [14] and [15] .
We consider the operator 
In the sequel we will use the following properties of the modified Bessel function I ν , that can be encountered in [26, pp. 136 and 123] . The behavior of I ν (z) close to zero is
Moreover, for every n ∈ N,
where [ν, 0] = 1 and 
Hence, we obtain
Since the Hardy operators H 0 and H ∞ (see Section 2) are bounded in L 2 (0, ∞) and the maximal
According to (11) and (12) we get
By proceeding as above we obtain, for every t, x ∈ (0, ∞),
From Lemmas 4.1 and 4.2 we deduce that the equivalence (a) ⇔ (b) in Theorem 1.1 for L ϕ α will be established once we prove the following.
Lemma 4.3. Let X be a Banach space and T > 0. Then, the operator D loc given by
is bounded in L 2 ((0, T ) × (0, ∞), X).
Proof. Let f ∈ C u (x, y) f (s, y)dyduds, t, x ∈ (0, ∞).
By defining the functionf as in (6), we get for every t, x ∈ (0, ∞), we distingue two cases. To simplify the notation we call ξ = ξ(u, x, y) = 2xye −u /(1 − e −2u ), u, x, y ∈ (0, ∞).
Suppose firstly that ξ ≥ 1. By (8) and (12) From (13), (14) , (15) , (16) and (17) we deduce that (18) D loc (f )(t, x) X ≤ CN W * f X (t) (x), t, x ∈ (0, ∞), Jensen's inequality implies that the operator N is bounded from L 2 (0, ∞) into itself. Also, the maximal operator W * is bounded in L 2 (R). Then, from (18) we infer that D loc is a bounded operator from L 2 ((0, T ) × (0, ∞), X) into itself. 
•
